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NOTICE 
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AS MUCH INFORMATION AS POSSIBLE, 



KATIOTAI.. J^y.pm^ .ppUmTT^^. fO^ AEBOIMTIOS 



lESONMCE VIBRAf I OITS Of AliRCaAFi PROPELLBES* 



X (6m) V ' ' ^X0ngt^l' coordiiiat© in direction of pro^ 

T?b1X0T raditisti* > ; 

I (cm), ./blade length., 

I = x/l, z^ondi^aensipnal , lengt coordiaatQ in di- 

"ruction of propeller radiiis. 

b (cm), wldtii of propeller blade* 

d' (cm) j.^^' V V . . . thicteness . ^ 

€ (cm), iradiu^ of propeller hub. 

a, ' ' /angle pf^ gf a propeller-blade 

^ ' element. 

Aa (2:) , ' ' angle of ./tor siona^^^ 

angle of bending vibration of rigid . 
\* ' propeller blade. 

y (x) , y '(i) f line of torsional or bending vibra- ' 

tion?.., . - - . ' ' ' 

m, variable parameter in group of funo-- 

tions for assumed line of bending 
vibrations (equation 18) ♦ 

* "Hesonanzschwingungen von Luf t schrauben* " Luf tf ahrtf or-* 
s Chung, /May 16, 1930, pp. 137«l'5a.> See also "Contribu- ; 
tion to the Theory of :|ropeller Vibrations," by the same 
author*" Zeits-chrift fur technische Physik, Vol* X, 1929,- 
pp* ^361-369> . (Itiu-Ho* 568, .H.^i-O^A. 1930.) 
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lix)-I^f(x) (cm^) , section of propeller l)liide at point x 

(cm^) , • '• •^ ^ " f bot- -geotlon of ^pi^opeil^r tl 

J(x)=jQi(x) (cm^) , sectional Inertia raoment against tor- 
sion or "bendinig at point x. 

(cm^), sectional inert ia moment at blade 

root. 

K, exponents indicating reduction of 

cross section and cross- sectional lao- 
* ment of prdpeller blade (equation 17) . 

G (kg cm"^), modulus of shear. 

S (kg cm*^^ ) , modulus of elasticity, 

Pia (kg cm'^^-s^), density of material. 

P (kg cm""'^ B^) i '■ density "of aif;'- ' 

Jm (-^^S om s^ ) , inertia moment of propeller-blade el- 

ement of unit length about torsional 
' axi s ' 6i -v ot at 1 on (el as tic axi s ) • 

9 (kg cm ) , iiiertia moment 'of propeller blade 

with reference* 'to fixed axis, 

S (kg s^) , . static 'mdmeiit '6^ -propeller blade with 

.reference to fixed axis. 

(i) (s'^-''), angular velocity of propeller. 

n (rap#m<.), -reyolutlon spieed of propeller. 

K (s*^^) j cyclic frequency of vibrations. 

Xq (s^^), cyclic frequency of vibrations on 

stand. 

V =-60. X/Zft' (min-^ l) , vibrations per minute. 

0 (kg cm), elasticity constant (equation 7). 

Cj^, ( , : .E^.oijient c'oef f leiefft ,oC aerp dynamic: . 

force with reference to elastic axis. 



V (cm ^) , ^ f light ^peed. 

The eld opened up^ l^^^ tlie .1 nvestsigatt oil of the 
hrations of aircraft propellers i s st) large th'at a divi- 
sion of the general prdlDlgm ted great .Simplifications are 
ahsoluteiy n^ces^ary if iiitelligi are to he 

ohtained^ ' i t i s therefore ■important to state clearly the 
assumptions and line of - reasMlng employed f or simplify- 
ing the problem and for its still very trouhlesomo solU^ 
tion« It is usually not very satisfactory, when the 
-prbBiejin" :i s ^ first taeac:l,ed .math^aa^ and ; th^ :pr ell mi- 

nary assumptions and associated' physical results are in- 
terpolated' in- the ' calculation.^' Hence the attempt here is 
fir St 'made' to describe' the way the is to fol- 

low' 4n4'%]a6]a t& - carry o4t' the actual calculation, whlcli 
finally lead§ to iitixairieel' result s^ 

■^^^ ' III, 'SURVEY OF PR03LSM, MSfEOD OP SOLUTIOH 



i; Possibility 't>f Dif f ereiit Einds of propeller Vibitations 

Propeller vibrations hav^^e^^^ be of practical im-^ 

• pbrtianee / sinc% propel breaks hay^ frequently occurred 
with the welI-*known.' char act'ei-l sties of fatigue fractures., 
liight^me t^J prbpellers have suffered^- various kinds of 
breaks due to vibration^ so tliat* their Increasing use in 
aviation*' call for a more tho though investigation^ 

Propeller .vib-ratipns' m produced In . essentially 

■ different ■ Irak's V ' ■• ' - 

' aV TJnst giTst (the same as for air-* 

plane' wings)' th^r'e -bOj - at -a certain, critical speed, 

Unstable vibrations, which are inoreasad by absorption of 
energy from the air xintil amplitudes are reached which 

"result - in fractujres. • If, howevorV we consider the great 
tdrsibnaf rigidity ' of a prop'ellor blade with respect- to 

"the aer^bdy^amic forces acting up-on it, w6 can estlmato 
m&thema?tically (Sectl<m. 17^ 1> c)^, t^at'^ the' critical speed, 
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at which such vihrations c^% ;b,e. produced-, is so great that 
this kind of vibrations is very improhaljle. 

Independently of any mathematical' confirmation, it is 
obvious that the unstable vibrations^ which are often fa- 
tail for wings, can .hardl.jf..,^.^ 4Hai^-geiP6us for propeller 
blades. To a Geftain degree, a propell blade resembles 
a yring consisting entir^ely. ,of a.; single spar . fhe elastic 
sisabilizing forc^^^ ^tand in a very dlffereiat re- 

lation to the. a,erpdynami.c fp.rces than in the case of e.n 
c?uirplane wing« . . In' the .rafe't^er,^ the elastic forces are.raain- 
ly 'Concentrated ' in the^'sp^^ wing itself raoro- 

ly servos to ab^ojrb tji^ .aeroiyai.ami c forces and transmit 
them to the' spp^r's* T ; V '.\ 

b) Respnahce vibrations, due to discharge of . vortices • ^ 
Another cause of propeller vib^'ations may be sotight in a 
resonance between the natxiral frequencies of . propeller 
blades a.nd the frequency of the. periodicc?.l discharge of 
vortices from the boundary layer in what . is ordinarily 
treated as a stationary conditipn.- .Ihis refers, e,g,>.to 
the phenomenon which leads to the familiar singing" of 
wires in the wind. It should not be confounded with the 
formation of free vortices due to variations- in, the thrust 
or in the circulation about the blade, These vortices re- 
sult from every propeller vibration, however produced. 

The nature of this vortex discharge is so complex, 
however, and its calculation hitherto so difficult, that 
It may be considered impossible to explain theoretically 
any vibration phenomena produced by it. It should be not- 
ed that the most important parts, the blade tips, revolve, 
on rapid propellers, at nearly or quite the velocity of 
^ound. It is very problematic as to whether the vortex 
discharge contains sufficient energy to produce the vibra-* 
tions* This . can be determined only by experiment, 

c) Be^spnanc e v ibra tions due t o unequal impacts of the 

p r op el 1 e r bl ad e s , - Still another cause of propeller vibra- 
tions, and probably the most important one, is their pro- 
duction by unequal impact of the blades, due to an uneven 
field of flow, such as always 'exists for a propeller re- 
volving near the airplane. 

The propeller blade, e.g« ,- sweeps close b.y a strut . or 
wing. In part icular ' a /pusher pr.opeller behind the wing 
is disturbed by tjie" "vp^rtjex .trail .from . the wing. On multi- 
engine .airp;l,aiies .Lt iBp^eiimpi; happens, that the pr-opeller,. 
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disks oTorlap one another* Those and similar phenomena 
affect the impact yelocity of the air and tl^o angle of at. -r^ 
tack ^o.f " the • propeller olade as it enter s; 'ih^ -^i sturt^ 
glon#-^v O^nsaeiuontly, the j^opel^p^^^ strr'e'sse^g^'^^^^ 
each i-rwoXttt ion and may" 'priO^o&'re^oia v^i§?^ati^ of! . 
the blades. ' Ordinarily - tlie'se 'Hrlh'rat ocisi^r ^6)icjjg.> through 

sometiues twica^ '&ia:t%i^ . ^^"^ ' Z^.,. .^ 

» vSinc?: alO.'- *air»craf't •prop-el-l^r's V6i^i£''mor'er or "l^iss inj'' " * 
zones' af -dl sturT^ed^^air *f I -and' si^nd^ propeller yXlDT^idnB 
and "brealts h'^Ve occiirr^ed on airplahes wiiere the arrange'iabAt 
of the* propeller's 'as mehtiorie^d' ati-oYe' iras •manifestly/anf 
y orabie , re'sonan-ce yihrations ' prd'du by "external di stiiri^r' 
•ances repr^esent- :oiae of *• the- practi cally'' ^i^^^ . 
classes of all conceiyable kinds of propt3ller vihratiohs 
It is therefore important for this class of vibratio.n.s to 
he- inye'^fettgate-d' aiabhg- the" f iir'St'.- ■ ' * ■[ "'" 

2, Hatural" Treq'a'^n-Gie's-' of Propellot. Blades" with' EeTerencel 
- - ■ to Tor-Si b^al and Behding VllDrati'ons " \' . ' ' 

Enowl'e'dge of -the - natural-'f ir of " t>i^* propeller* . 
blade s is' of f undament al importance in ; every eWs'eV' ^'ot [ ex-," , 
plaining'' th^ par ticular • yibratibn 'piienomenon, "of*"Whaley 
nat-afe it masr -beo She natural ••fr'equencie"S'" d0^ 
material, . on*' Its elast ic properties ' and' on tiieyshape of .^^^ 
the • propellet*- blade • • They are'-'al so' f ected bj^' th^'-a§ro^\ 
dynamic and cent rifugal f orces acting bh .the propeller" ' dnd 
consequently by the velocity' and revolution . speed* 'By .'. " 
''aerodynamic forces" is meant "tile variations in the. pro-^ 
peller thrustand in the torsional moment of th@ aerodyna,mic 
force, due to the 'variatiohs-'i^n- t lie- angle of -at taei ..caused 
by the vibrations, ; * ; ■ 

The Oalculati-on *-o:f the frequencies in terms of the 
above qaiantities f orms the • ef'ssenti al part of the prdsent. 
rdport,' whicli' deal s e sp-d'cial^^^^^ with resonajice yibrations 
of aircraft propellers -paused by load variations. . 

:§,) . ^Jil mi tatioh t d- •oh-o- kind- ; of ^ vibration s ^' ThO' "P^^'op ol .. . 
lor vibiratlo'ns m^-y bo ro'presdnted- the *eoordinat:e s; / 

torsion'^l and behding,- "On account of the* di st o'rtion ox- . ; ^ 
hibitod by the 'separate cross sections of the propolldr " / ■ 
and .'the: corrospqnding crd'ss--soctipnai axes with re- 

spect 1 0 ■ orie" anothQr 5 torsional and bending vibrations 
must always occur simultaneously* If ^ thoref ore, 'for math- 
ematical reasons, tho natural froquoncies *for torsion and . . 
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bonding aro careulatod soparat'oly» each witK tamporary 
disrogard of tlxo otiiGr, values aro obtaixiodj ono of whielx 
is 3ompwliat groat or than tjao small or and tlio otlior somo-^ 
what small or than tho great or of the natural f roquonoies 
ox ^tho propollor,. !•©• , of tho froquoncios of tho natural*^ 
ly occdrring comMned vilDrations of tho propollor^ (Gf • 
Courant-Hilbert , (Methoden d, math. Phy s • , - Vol'. I , Chap. 
5, 3,) The. difference between the separately ealculate,d 
frequencies for torsioii ^i-nd for bending and tlie frequen- 
cies of the combined vibrsLtions cannot be very great, be- 
cause (as found by calculation and experiment) the torsion- 
al and bending frequencies of propelleir blades differ great-^ 
ly from each other. 

As regards the frequencies of a nbnr evolving propel- 
ler blade, they can be calculated more or less accurately", . 
but can be most accurately aiid quickly determined by" ex- 
periment* The frequencies of a revolving propeller, ex- 
posed to aerodynamic and centrifugal forces are, however, 
of most Interest here. Hence the question to be answered 
is: "How do the aerodynamic and centrifugal forces affect 
.the torsional and bending frequencies of a given revolv- 
ing propeller with given frequencies on the stand?" In 
order to determine first only the order of magnitude of 
these .effects in comparison with the other forces, it is 
only necessary to replace the tapering, twisted and spa- 
tially bent propeller blade by the simplest possible sub-^ 
stitute, provided it absorbs practically the sa.me aerody- 
namic and centrifugal forces as the real propeller. 

b) Tor sional vibrations in terms of the aerodynamic 
and centrifugal fprces. - In the sense of this simplifica- 
tion and for the preliminary determination of the torsion- 
al frequencies of a revolving propeller blade, the latter 
is replaced. by a blade of uniform section. 3y solving the 
differential equation for the torsional vibrations with al- 
lowance for the aerodynamic forces, it is found that, 
through the influence of the aerodynamic forces, even with 
torsionally weak propellers and very high revolution and 
flight speeds, the torsional frequency is reduced by such 
small -amount s (l to 2^), that it can be entirely disre- 
garded. This result is surprising, at first, becaude the 
aerodynamic forces represent no damping of the torsional 
vibrations, but an increasing moment proportional to the 
amplitude. .(See equation (l) , Section IV, l,a.) For the 
centrifugal force, a small . component of which falls in the 
directioix of the cross sfection of the blade, it is only 
necessary to demonstrate that its participation increases 
the torsional frequency, 
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" If • it • i is- m'OW demonstrated iDjr C'aiculati-5'n'' or • expef i--- 
ment tva^t the ' t'oi*'sion'a-r f requ^iiM e^e'- of'- resting' -ptope^ 
are OiVflib' order- of ma-gnitud^' of ' iO", 000- vibrations per " 
minu.fcev be inferred, ' on the basis -of- the tjonciii- 

sion that ithe 'aero'dykamic for ce^^^^^^ of a revoIlrin-g propeller 

■ ar e • ninlVnpb'i^taiit'- knd that the cent rifugal for ce s can only- 
incr^ksa their torsional frequency, that resonances he- • 
t w ee-h ¥i b r^a t i oh s oc cUt r 1 ng w i ih- the' - f r e que h dy of t he s 1 m*^ 
pie oi-- twofold revolution speed- of normally- 1000 to 2000^' 
r ,p,mii and that the tor sional ;-vlhrations of -the propeller 
do not come into consideration. This is the 'first result 
trhich simult'ah^epusly^ ^re strrct s the - pr-ohlem^ under di-scus- 

MlJ -Sf ct il'ine-ar' bena:ing vihrrk^tloiys of a-; r ig:id propel-^ 
ler" undoy'' j^he apt-ip n ' -of the ^ aer odynamic and centrif Ugai ' 
LoiiPJ-J.**- if the hending vihratiphs are tr^^^^ in the' sake 

ta'anxier ■ (iDy' ■■repi acihg them provi sionally -iDy- ■rectilinear vi- 
hrat ion-s of • the - assumedly rigid propeller hlade", f l^xihly 
motinte'd on the - huh perpendicular to the plane of rotation) , 
there i s again • ■f Gun-d-,- in very simple-*- amnher ^ a negligibly 

■ small depehdsnce"'"6f the bending frequency "oh" the aerb'dy-^'- 
nauic fo-rcesa ' This- r-e suit i^- to be" expeoted in bending ". 
vibrations, because^ in this case the aerodynamic forces 
only signify a- daiiiprhg proportional to the" bending veloc^ 
i ty , (Of . equataon" •('10) in Sect! on "lY', 2 ,'a'- ) It can 
therefore af f ec't ' tee- f r equen only in the second orders 
On the contrary -the centrifuga forces, which exei-t a- ■ ' 
strong return moment,- cohtribute greatly toward inc^ 

the bending frequencies, -Moreover,' since the true b'end-*- 
ing f roquencle's"of actual • propeller s at rest" are-' 1000- to 
2000; per' minutev' the- po-sslb'ility of resonance bet we ien- 
b endi-hg v i br ations -ahd- di stur b anc e s " Wi th - the p e^r i od* o f ' t he 
siinple or •twbfoldJ revolution speed is •directly^ indl 

. This is- the secqnd/import ant. result. . From this- point 
on,, no th-eqry of propeller vibrations, can be satisfied 
•with, estimates of the- ;hi therto. cust.o^m^ry nature. The ,gi^t 
of pur task is- rather, the most accurate: possible calcula- 
tion pf .the ben:din^ frequencies of propeller blades ih • 
terms; of the -revolution speed, in which the .effect of the 
aerodynamic forces ca-n be disregarded. . , . . 

. -d) Restri^ction of: the bending frequency^ of elastic 
propgller s bf • an. -ixpperr -and a lower li^it .^ Sveh the re- :- 
st;riotBd. .t asX m dif f l;cul t^^ ^, The unknown. . bend- 

ing^vibrati on line varies, lil:e;:the; f re^^ t^p 
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angular velocity, of the propeller. Th.e. solution of tlie 
general, int egro-dif f erential equation i s. pract Ically im-- 
ppsGi'ble* Another possiT:)ility of determining the vl1>ra- 
tlon-eiastic line is offered hy the Eayleigh principle; of 
the minimum natural, frequency of a vihratlon-^elastie sys->. 
tern which, for the case tuader consideration,^ may he brief- 
ly expressed as follows:* Of all possihle bending lines 
cqmpatihle with the marginal and continuity conditions 
of the problem, the true bending line is the one which 
yields the minlmtaa frequency. 

Srom the mathematical yiewppint, the Eayleigh princi- 
ple presents a variation problem. If it is solved by the 
methods of variation calGUlation (in the present ease ' 
practically by the so-called direct .methods of! variation 
calculation) , the Eayleigh theory determines the elastic 
deformations during the vibration, and consequently the 
bending frequencies of the . revolving propeller, with per- 
fect accuracy a (See Oourant-Hilber t , Lleth. d, math, ?hys«, 
Tola I, Ghapo 2, par* 2.) The above-mentioned methods, 
however, .are generally troublesome and, for convergence 
reasons, do not always yield satisfactory results. (Oour- 
ant-Hilbert, Vol. I, Chap. 4, par. 1,4 and 2, 4.) 

In any case, however, the following- stat ement , based 
on t":ie Eayleigh principle, is correct: If, instead of the 
actua.1 deformations at the various angular velocities, 
other bending lines, which satisfy the marginal and conti- 
nuity conditions, but which are otherwise arbitrary, a.re 
adopted as the basis for the calculation of the bending 
frequencies of the propeller blade, the calculated fre- 
quencies will surely be too great, The hypo thet ically 
calculated bending frequencies represent the upper limit 
for the . still unknown true bending frequencies. The dif-r 



*Eajleigh's the^ory (^^Theory of Sound," Yol . I, par. 88 and 
89) srys nothing about . the marginal and continuity condi^ 
tions of the hypothetical deformations adopted for compar- 
ison, it says only that, when the compari son functions 
differ from the true "natural" deformations by small vari- 
ations; the corresponding frequencies differ by small quan- 
tities of the second. order , from which it may be further 
deduced that the frequency of the vibrations corresponding 
to any hypothetical form of vibration lies between the min- 
imum and- maximum values of the natural frequencies of the 
system* The above restricted conception might be better 
for practical applleation; 



' t lie ^^h^o t he 1 1 qal , Iqendi ^ linei , # e • "jv^ic ao r cLi ng to ihe e jci- 
celVemce^.of vth^ ohoice ,d|^th f^Pt^pi's^ These ; 

ar^ distri ^S^e ejasitic 'and iner tia 'f 6i:ce§ de^ 

pendent on ' t^e Jj.^Kap©^ (t aperXJ oJ' ■ the''pi*opel cen^^ 
tr ifu^al . I^rc^ deperidbnt on^^t^^ sha^e -aM al so - 

bii tSb revolution speed o^ the^^riopellbir; ' , ^ 1 . ,^ v ; 

:V : §) . The upp or 1 x mi t » - Ihi s was detej^mined as follows; 
Ah ' infini te." niimher' of 'bending line ^ ' was -assum 
in the first place, are contihuously def ormable* into 6n<^ ; ; 
another, secondly, satisfy the continuity and margiiaal-'-^ ■ 
oonditions of.the prohl,eni and, lastly, were so selected 
ihat,ythey ^^^r apprbx'imat ions of the " biehdihg frequen-- 

cies' pf unifprm and tapered hlades«*- Moreover, ^ 
cdhtalhs ^ curves , which may he c6nsid6re8/»as*;d^^^ from*-' 
tliG, above-mentioned^ curves by cbhtinux)Us^ def orfiation'due" 
io tlie increasing effect'' of the centrifiigai- forces wrth-^" 
increasing revolution spood*. In,. the simplest case, one 
uses a group of cui-ves', *sol€)ctcd according to these view- 
points, in the f orm^ of a function.', y =3= y(:E»m), having 
only one ar b i t r ar i 1 y v ar i abl 0 p ar ampt % ' In t hi s f Unc 1 1 on 
y ^ 'i s the ampl i tude of the^ def 1 e c t i on ,' the co or danet g . • 
in tho longitudinal ' diroction *of the prop'Olle^ bladG,.- and* 
m : the variablo parameter. (The actually chosoh' 'gtoup 0^' 
sirnpXp infinitoly nuiaorbus bending- lines r'oprb'sonted-• 
^h Section IV., 2,c Vy equation (18) and^'Mgure 4v) ^ ' ' 

V. , • : ' ... ^ ., 

If the" freguency" X* i s now calculatisd by iai'eans^ af'i the 
energy 'theorem on "the basis of " the bending line < y^ -y-tl'V- 
m) , at first left undetarmlned by the arbitrary par'amete.r 
m, X then appears as a f unction^ 'of m. PurtheTmd're , ' tlie^ 
expression for A al.so contains the; construct idnal' chai^ab— 
t ei-i sties of the., given propeller , hPvmeiy , the thicl^neVs' of 
the material Pj^, the modulus of elastipiljy B, " the' •. ^ * 
iength , I, the course of the cross section -jCI) through- 
out the length, and the angular velocity • <ji>> jhe frequen- 
cy may therefore be expressed by the f ormula ^ < : . 

\ = X (m, Pja, M\ t, tJ, od) . 

For the given ' cohstructibnal ' char acterx'stics Pni» S ^ I , 
F, J" ; and the given ahguiar velo:cit-y ^'M^^^ is a function 
of the/.para^^ . alone;^^ ■and ' tHeTe ■•r*em4-ins rohiy th0 ' 

solutibn of the most elementary prObletii, *'to determine that 
value of m for which X becomes a minimum. 2?his cjulte 
definite .value m =^ ,ja^ characteVizesy " however '-(p^^ with 
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respect to the Saylelgh theory), within the curTe (|,m)j 
the b.ending,. line which, m^<?st closely approaches the true - 
line, Like'wVs©, ^ ^f^*) \ain is the. value of the f re- 
quency, fhich,. with the' adoption of the vlhr ation-elast ic 
lines y(^,m) for agreement with the Eayleigh minimum 
prlncipleir most closely approaches the true frequency* It 
is surely top great, however* 

f y The lower limit This i s obtained hy means of the 
following generally applicable theorein set forth in Sec- 
tion 17, 2,.f (q«Ve) : 

The square of the frequency of an elastic system, sub-, 
jected to several foarces, is always greater than: the sum 
of the frequency squares, which the system would have if , 
at the given time, ';only • one of the forces were acting on 
the system* Thig theorein can be expressed by the formula: 

>^;> S (i = 1, 2, \ . .) 

The propeller blade is acted on- siraul t aneously by the 
elastic and , centrifugal forces* The theorem.- then main-^ 
tains . that, If the /centrifugal -force is at f irst entirely 
disregarded, and only the elastic forces are considered, 
the propeller has a definite bending frequency Xq* This:- 
is the same, however, as the frequency of the nonrevolving 
propeller. If, on the other, hand., the elastic forces are 
disregarded, and only the centrifugal forces are regarded 
as acting, the propeller has another frequency X^. The 
latter, however, is the frequency of the propeller revolv- 
ing a.t infinite speed, or, as it may also .be expressed, 
of a perfectly flexible rope having the same mass and re- 
volving about an.as:is like a sling. Its .vibration freqixen- 
cy, as may be easily calculated (Section 17, 2, a), is now 
exactly the same as the angular velocity of the sling* 
Hence, the above-mentioned theorem yields the extremely 
simple formula 

> + U)^ ; 

valid for propellers of any shape, indicating that the 
square of the frequency of the revolving propeller is 
greater than the sum of the square of the frequency of the 
propeller at rest and the square of the angular velocity. 

It should be remembered that the relations are really 
not quite so simple, since the propeller blade is mounted 
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on 'iiuly '"^^ici^ zmst "b^e regard rigid, S^e.fuytber-d en- 

tails in Section 17-, 2,g rogarding a nqicossary ocbrre 
of the above formula, whicli takes into account tlio effect 
of tiie huhf In any case, we ^^h^^ f ound a lower limit 

for the .bending frequency of the propeller (apprpximate 
limit , sintoe': the ^railue \Xq^ + 'Oi)^ r paii j^rerer •be\.a6tualiy 
".:^ssumed)\ " ''■,''■'"'';*" • ^- ■■■■ " • 'J ■■■ 

■ 'It can he- deion-strat ed .:that r th inequality is 

not only a lower limit, hut also an approxim§ition . f or the 
bending frequency of the propeller* 

. \ ^) Di ff erence b e^weenj the u;pp e^ lower limit s «*^ On 

the , basi of the last remark and, the f S^ct':- that- even the 
upper limit, on account of the . physically-based • assump-- 
tions for" the'behdihg lines, can show. no rgreat deviatloii 
from the true value of the bending f requpncles, . it must be 
concluded that the difference between the upper and the 
lower; Ir^^^^ enough to* satisfy, the, practical re-^ 

quir eiilent s for accuracy* In- fact tiae: actual calculation 
(Section- IV) 'by the her e-describe:d method: \show.s that the 
difference betv/een the upper . and lower, limit s is a,bou:t. 5 
per cent in the most unfavprable. case , and .ne.r mall y niuch 
less, Por very small and very great centrifugal forces 
the error tends toward zero... .(See Figure 8 in Section IV, 
2,e.) ^ ' 

Af t er . the amount of • the gr eat est error had been de t er- 
■ mined , /".the • problem of calculating the be2i3.ing . f requencie s 
•of a propeller in terms of the r evolution . speed w;as prac- 
'tlcally solvedo. ■ . . 

The practical numerical applications of " the above^ 
mentioned principles with respect to propellers endangered 
by resonance vibrations are introduced near the end of the 
report- (Sections V and VI #) The calculations will first 
be actually made, as already explained in a general way* 



IV . . HATHEMATIOAL APPLI CATIOS OI' THE PRIITCIPLBS 

BXPLAlliSD IF SEGTlOir III 

. Qorre sppnding to the. statemeiit s in Section III., the 
effect \of ".the. aerodynamic and centrifugal forces" on. the 
frequeric.ies o;f a propeller will first be calcul©,:ted.: .Si^- 
mixltane'QUsiy ;tlie questio^^ will be ' answered a3 to. ;whether 
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thk idrslotial and "bonding frequencies oan apprD3cimatis the 
t'eTolUtibn speed. 

,1m torsional ViTDrationa 

' a) Preliminary as suiap t ion s and the or eing^ ^ Since no 
tiaeory of the torsional vibrations of aircraft propellers 
is iiiYolved, iD.ut only the soliition of the ahoye-ment ioned 
prohlems, the calculations may Tie based on the simplest 
assumptions* ■ ' • 

Par .the simple determination of the torsional fre- 
queh'c'le s ^^^^^^ tl^^e actual propeller "blade, which is tapered and 
warped from root to tip, is replaced bj a blade of uniform 
section and torsional Inertia moment • ; Jor tapered blades 
the 'fre(iuenqie,s will have still higher valu'es than those 
her e :ci-al cul at ed • 

Ho^^over, the small oomponents of the centrifugal 
f orce y ' which lie in the - direction -of "the blade sectio33::, 
are .entirely disregarded. The torsional frequencies could 
onlilir bei "furth increased by it s consideration. These as- 
sumptions validate the following equation 




where . Aa Is the torsional angle; ^c/ the length coordi-- 
nate in the direction of the propeller radius; J^, the 
inertia moment ' of a wing element of unit length about the 
axis of revolution; J, the cross-sectional moment against 
torsion; &, the modulus of shear; and t, the time. 

. To this equation there is' added still another term 
which accounts- for the aerodynamic forces, 

+ Y^) b^ m <i) 

c a 

The Second torm represents the additional moment about the 
axis of r evol-ation-,- which is exerted by the aerodynamic 
forces, when the angle ox attack a of the wing element 
i s' changed bj ■ the tor sional vibrations^ ■ is the, non- 

d^'mensi onal ■noment ■ of the aerodynamic, force 

'with *respect -to the ayf s of t^'evxilution;* -P is^tha air - 
density ;^^'^^y^^ the *resu.ltant : velocity , with the 

component cox equaling the tangential velocity and v 
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the paraH0l flow in the propeller disk tjig 
flight speedy The width of Me Blade is represented hy h. 

Equation (l) assumes the vibration to l3e "slow," 
Botli tiie. torsional velocity (3Aa/9t) and the involved 
variation in the effective angle of. attack of a blade el^>- 
ment were di sregarded, . as* also the ef fept of the vortl^^^ 
periodically released frvm the vihTating hlad© • That the 
resrulting error 3, 0> unimportant , i s demonstrated by a sub-r 
sequent consideration of the reduced frequency,* which is 
the criterion f or the slowness of a ..blade vibration* The 
reduced frequency of a propeller blade is 10 to 100 times 
sraaller than that of V/E/ normal 'win 

b) Solution of t he tors ional' equation The lowest 
natural frequency of the vibration represented by equation 
(l) is obtained by the formula 

A a (3c,t) = y (x) sin X t . 

Sqitation (l) theoi becomes 

d X- 2 aa 

^ ilfj, - i V- b-i^ C, 

GJ V ^ 2 day ^ 

a.nd 

± (t 13^ ^ 0, 

GJ \2 3a / 

then equation (2) will read: 

.'2^ (C^^ O2 xs) y - 0 (2) 
d X ' 

If the solution of equation (3) i s put in the form of an 
infinite potential series .and their coefficients are de** 
termined by the introduction of the formula into the dif- 
ferential eqiiation, a simple calculation yields 



■ II 

*3irnbaum, *^3as ebene Problem des schlagenden Flugels;. 
Zeitschr. f» angew. Math.- u.VMech. 1924, p, 277. 
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- of x^ + , .^ (4) 



This series and likewise tlie series obtained from it "by 
di-f f erentiation conyerge as alternating series with terias 
whose absolute values continuously decrease. Hence * eq.ua- 
tion (4) represents a solution of equaUon (3) • 

The marginal condition at the point of fixation 
(j = 0 for X = 0) is directlj 'f^^ifilled. The condition 
for the free end (s: ^ l) requires that the torsional mo-^ 
ment shall there' disappear: ■'" "-\ - 



This condition yields an equation for determining the fre- 
quency \. 

If , instead of x = I , the differentiated equation 
(4) is solved by using only the first terms according to 
X, by putting \ as the sum of the known torsional fre- 
quency in the absence of aerodynamic forces and of a cor- 
rection factor A» obtain 




d 




If further solved according to A, 



it becomes 





Here Xq, denotes the frequency of the prop el lor at rest, 
iloreover, the following formula ^i^ veisy accurate. 
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A and the secbnd expression un tlie radical In .e^ufitibn 
(5) disappear for the propeller at rest: 0, y ^s'O* ; 

In this case equation (5) becomes 



X ^ =^ rOT^ (6) 



c) Result s#*^' The numerical evaluation o'f formulas 
(5) and (6) with respect to the resonance vibrations of 
the propeller, blades i s here the most Important . If we 
select, as a sample of thin-bladed metal propellers, a 
rectangular . bar of the following dimenBipns and material 
constants : ' ' ' ' 



I =,X5p qm, G = 3 X 10^ i:g cm~^^ and 

b V 20 - » 3 X 10""^ kg cm^^ . 



m 



d =^ 2 " 



we will surely obtain, unfavorable results, since a real 
metal propeller is torsionally about twice as rigid. If 
calculated according to formula (6) , the stand frequency 
of the choseA example is - 660 s^^« 

If we also adopt the following characteristic numbers 
for the bperatlng conditions of the propeller, 

v - .'6000 cm s"^, P - 1.25 X 10~^ kg cm*-* \ 

^ = 0.4^ (circular measure) 



and 



8a 



and calculate with the se number s the torsional frequencies 
according to equations (5) and (5a) for all possible angu- 
lar velocities 0) of the propeller, we obtain the values 
plotted in Figure 1. • 

It^ is knp^n that, in the practical range of. angular 
velpoities of 0 < <i) ^. 200, the aerodynamic f orces have 
almost no effect on the torsional frequencies of the pro^ 
peller. 



IS 
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Remembering that the adopted form of ealculation rep-* 
resent s, throuS'^ ^ assu^iptJions in that : respect > an un-. 
derestirnate of ' trie *t6r si.onal *f recjueneles- ('see'" also Section 
irr,' 2, a) and that the chosen es^ample was especially unf a-- 
vorahle, we ohtain the further result that the natural 
torsional frequencies of. propell-ers differ: so 'gi^eatly; f r^^^^^^ 
. thb v^requeiacy *of the impulses, corr^espondlng ticj the" reyo^-^ 
l-uutlon ''Speed, that resonance in the form of torsional vi-^ 
hr at ions does not enter into the quastion# 

• Figure 1 represents a second result* The torsional 
vibrations become tinstable when the expression under the 
radical in equation (5) disappears. This.. happens, for our^ 
e"cample» when u) ^ 1300 s'"-^. Obviously equation (5)- be- ■ 
comes -aeaningless for CO > 200 s""^ , since the peripheral- 
velociti es -of the propeller are so great in this region 
that the aer odynami o assumptions of the calculation lose 
their validity. Figure 1 shows, however, that torsional 
vibrations, such as can be calculated for winf^s on the 
basis of the simple assumptions (static instability) here 
made, do not enter into the problem for propeller blades, 
so long as their peripheral velocities remain below .the 
velocity of sounds* It is true that the critical angular 
velocity for torsional vibrations may be considerably re-^ 
A5,uced by combination with bending vibrations, though it is 
Improbable that it would drop into the. region of <i) < 200 
s"^. It is found* that the critical velocity is most re-* 
duced, when the torsional and bending vibrations most 
nearly agree** For propollers, however, .the ratio of hend- 
ing to torsional frequency differs much from unity. 

Somewhat different is the possibility of vibrations 
being occasioned by the special aerodynamic relations iix 
the vicinity of the velocity of sound. Here, however, no 
mathematical determination is yet possible. 

In limiting the present report to resonance vibrations 
produced by external disturbances, the torsional vibrations 
on the basis of the ab Dve-ment ioned results can be disre- 
garded in the further investigation*^ 



*31enk and Liebers, "Geltoppelte Torsions-, Biegungs- und 
Querrude^ schwingungen von f rel tr agenden und halbf rei trag- 
ekden f lugeln, Luf tf ahrtf or schungen, Vol* 17 (1929), p* 
l9. 



a) Bstimation of effect of aerodynamic and' centrlf^ 
gal f or ge 3^ on bendl fig jyip^ation s « y We ; will fJigain atteinpt 
to simplify tlie ^en^aral prbWem l5y' est^ ttdm ^k^ 

idealized exaurple, the magnitude of the aerddynamie and 
■ centrif iigai .:f ora<3:B' ija.-jco^iipari&Q^ wi*h the elastic f or^ 

Tor -.this purJ^a•Be^^the, f lexilDle propeller. t)la46 ^.s re- 
placed "by a rigid. l>lade. flexibly atta.Ghed to. the hu3> by a 
spring, so that it c^n vibrate perpendicularly to the- pl;ane 
of revolution, (Pig« 2«) If this . blade is bent through 
the. small angle A p.* the react.in& .elastic, inoment will be 

• , . . , , M - - A P . (7) 

The centrifugaiVf orc'^ / acting on a blade element of Ifength 
d:c and cross section' ff(x) 'at 'the distance x from the 
center of revolution, exerts on the lever arm x sin A ,6 
a moment * .. - ^ 

d Mz = - Pm d x o)^ (x cos A p + g) x sin A p 

Here € is the radius of the nonvibrating propeller hub* 
for the whole blade (on the assumption of a small angle 
Ap) the reacting centrifugal force is 

i • t 

Mz = Pjjj <jy A p (/ d X + e / F (x) x d x) 

. 6. o 
= ^ Oi^ A p ■(«.'+• € S)' (8) 

where 6 denote^ the " i-nerti a moment ' and S the static mp^ 
ment of the blade, i?6th with reference to the axi'^ of fix^ 
at ion* 

Due to the velocity of the bending motion dAp/dt, 
the effective angle of attack of a blade element varies, 
such variation being proportional to the distance x from 
the axis of fixation* Gonsidaration of the velocity tri- 
angle of the relative motion (fig. 3) yields a variation 
of 

8 a - E^^^' i^ (9) 

^ 0)2 X^ + V 2 d t . 

In the aiigle of "attackv Hence there is produced on the 
blade element of length dx and width b (x) , an addi-^ 
tipnal air damping, exerting a moment;,. 6f w x dos A p on 
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the lover arm (f igf 2) » whicJx, aceording to the customary 
aerodyiiamlc method of . notatio^n i s.. w6i1;ten 

Tlie aerodynamie fo?ce is pyer estimated onlj- wjieft the varia- 
1)19 bLftde width Td-Cx) is eqcciianged wltla tli© - ma35imum width 
b. If this is integrated after introducing the value 
(equation 9) for v6Gt», the ©(iuatipn for • the whole hia 
roads ■ •• • .. • ^ \ ' ■ , 



^ P^-", 3 ca d A p 



Q)^ + dz. 



The . elementary integral in 1% is very difficult to write. 
If its value is expressed hy a series, we ohtain with suf- 
ficient accuracy the aerodynamic moment 



L 2 da dt 4 



1 - (is) 



(10) 



After comhining ;'all of the forces acting on the vihrating 
hladej the descriptive equation of motion reads: 



d t" 



Me + Mz + Ml, 



or, with the aid of equations (7), (8) , and (10), 



- d^ A p ^ P B Ca I* 



1 + (^\ 



d A p 
d t 



. d t" 2 Ba 4 

+ [0)2 (e + G S) + c] A p = 0 

If the solution of equation (11) is put in the form 

(•K+iX.)t 

; ■ • A p =? e _ . . 

the frequency X he comes 



(11) 



P\ h^ 



K2 } 64 e'^ 



/5 ca Y 



1 -f f-^V 

(12)" 
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wliere Xq is the frequeney when only the el as tie fpfce 
acts, ■ ' * . , 

is the frequency when only the centrifugal 
f orce act 

. Xj^; is. the ctecr^ase in the freqtxency due to the 
*a©r Odyniaml 0 f orce # 

If we- now choose the, fol^I values,, corresponding 

to a "!thi.n-hlad@d ta]pering metal propeller' at 1500 t •p.m. 

I = 150 em Pm ^ ^ ^^"^ ^ 

V = SO^ ' ; ' 6 - l/l2 Pm' f-o I? =^.33.76 kg cm s« 

- ' 2. /"; ^ * S/e '^^^ "2/1 W- 0:.dl33: cm"- 

^ - X5 «• - c/e"^ = 2.25' X IO^ s-^^ 

P = 1.25 K IQ""® kg cm"^ s^ 
■ ^. = 6000 cm s"^ 

0) : 150 cm s"-^ . 

8 a 

'"^Te obtain, according to equation (12) 

= 22500 s""^ ; Kof ^ 27000 s""^ ; Kj^ = 300 s"^^ ; 

and ^ 49200 sec'^ ; 

or the corresponding revolution speeds 

Vo ^ 1430 min"^ ; = 1570 min"^ 170 mln"^ 

and ; V =5' 2120 min''^ • 

For the provisionally assumed ideal propeller blade , 
the above numbers give a good idea of the probable order 
of. magnitude of the bending frequencies of actual aircraft 
propellers and of the importance of the individual compo^ 
nents of the frequency X and also of u. The aerodynamic 
forces, which are noticeable only as damping forces, are 
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negligllbl.e -as regards* the magniijude of the b^Adiag fre- 
quencies. In their order of magnitude, the ■■bending fre- 
queneies approximate the reyplution speed, thus making 
resonance yihratlons possihle, . 

Before proceeding to a more accurate investigation 
of the actual bending f requencies of propeller s , we will 
mention several special cases of formula (12), which will 
sub sequent ly he used* 

t . Im Omitting- the unimportant term a: q,. derived 

d OC ' ^ 

from the aerodynamic forces,- equation (12) he- 
comes 

■X'= y Xp^ + Xof = J Ko^ + (l + c I) (13) 

In case of the linear reduction of the cross sec- 
.tion J - Iq (1 - y), .as approximately happens 
for nearly all propeller' types, equation (13) 
reads: . ... ■: .. 

K '^ f + {X + 2 (13a) 
Jor comparison, we give the corresponding formula^ 

X - J~\^ + (l +11) (13^) 
for a propeller blade of uniform cross section, 
Z. With a vani shingly small hub ^. (e = 0), we have 

for any desired cross-^sectional taper. 

3o With vanishing elasticity of the propeller blade 

(Xo 0) or ^* ^ery great angular veldcxties 
( w = oo) , we liave 

\ = \^ = u)Jl + £ I (15) 

if slimltaJieously € = 0, equation (15) becomes 



X:; = m 



(13) 
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The assumption of rafti^htng .0ia-s|ieity,-por^^ 
to the case of a propeller l^lade f lexiVly . at tached- to lt $ 
huh, or to the case of a rope which -vihrates perpendicu- 
larly ^to its plane of reydlutipii; (which ^ due to the recti- 
linear form, of rihratlonv cbviottsly amounts to the Same 
thing) * • 

h_) , pe termination : of the bending .fr e que n c 1 e s_ .of ^0.1 § s_*^ 
tic propeller blades (preliminary ^agsuz2ip_tio;ns) , - In or d e r 
to ohtain reliable' numerical data for practical applica-r- 
tlon, the hending frequencies (only the order of magnitude 
of which has thus far heen estimated) must now be calcu- 
lated by a more accurate method, which takes into oonsid- 
era^tion the elastic properties of the blades. 

After we decided (as explained in Section III, 2, a) 
to reckon with simple bending vibrations, not combined with 
torsion, we considered the propeller blade as an-unwarped 
blade, in which the main axes of all the cross sections 
are parallel to one another. Hereby the direction of the 
main axis Qorresponding to the smallest inertia moment in 
each cross section can be inclined to the propeller disk,- 
and the yibrations are not necessarily perpendicular to 
the plane of reyolution. The position of equilibrium, 
about which the blade Tibrates, may be a -daf lection from 
the plane of the propeller Aisk, either produced by the 
thrust or included in the original design, provided only 
that it remain in the region in which the "acting forces 
can be treated with sufficient accuracy as linear func- 
tions of the coordinatest Moreover, we have raad^ all 
necessary assamptions for the applieatioai; of the elementa- 
ry elasticity theory. 

It only remains _ to' characterize the shape of the. pro- 
peller blade by designating the course of the cross-sec- 
tional . area and inertia moment. Both are assumed to vary 
with the propeller radius according to the simple poten-^ 
tial law: 



Cross ■ section* I^Fq f(t) -^^(l - t) 
Inertia moment, J=Jq i(|) =Jp (1 i) 



0 < I < 1 



(17) 



X is the distance of a cross section from the center and 
I is the blade lengtla. The exponents K and are any 
desired parameters to be. adapted to the given propeller 
blade t JLccbrdlng to the dimensions of ordinary prbpeller 
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blades, we can nearly always write ,K = 1. usually lies 
"between 2 and 3 • 5* . 

^ ) G alcu 1 a t_i 0 n_o f 
mum probl.em^ In explanation of why tiie general differential 
equation for the bending vibrations of revolvijag propeller 
blades is not used for solving, the problera , . at t ent ion is; 
called to the difficulties and the inconvenienoe of -the re-- 
suits of the mathematically exact treatment of the bending 
vibrations, of tapering nonrev.olving bars^'^. -.sp that graphs 
or other app.roximat ion me.thods'^'** must genera-lly- ba ^m- ■ 
ployed, ^ ' 

.Section III,2,d explains the simple method of solu^ 
tion which can be used, when -the Rajleigh. principle of vari-a- 
tion leads from the minimum of the natural frequencies ap- 
proximately to an ordinary minimum problem with only one 
variable* 

Jor this purpose, on the basis of a suitable but funda- 
mentally arbitrary selection from the ' numerous fotms of vi- 
bration y (I), we select the following group of simple in^ 
finitely nume_rous bending lines; 

; .2^-^^-^i--|5- [(1-1)^ t-l] (18) 

and adopt only this as the ' comparat ive function for the 
Eayleigh minimum requirement. Here la is a continuously 
varying parameter, to every value of whicla there corre- 
spounds a different vibrat ion "line* This group of curves 
(eq.18) is plotted in Jigure 4. 

For any value of m, equation 18 "may be considered as 
an infinite potential series, whose coefficients, frora the 
outset, are so established as to satisfy the marginal con-- 
ditiOhs* "for whole numbers m, there" is derived from it an 



* P, Seewald. '*Beitrag zur " Irmit tlung der Seanspruchungen 
und der Pormanderungen von luf t schraubenf ** Jahrb. d. W.&.L. 
1926. See pigures 4 and 7, in which the r esiil ts * of t esting 
an ordinary metal propeller are plotted. 

Schwerin, Verh. II. Internat. Kongr. f. techn. Mech. , 
Zurich, 1926, p. 138. 

*** Hort, "Berechnung der Sigent&ne nicht gleichf ormiger , 
insbesondere ver^ungter St|be," Z.f^techn, Phys. 1925, p. 
181, See also Hutte, Vol* I, edition 25, p. 403. 
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infinite potential series \?:itli m + 3 t^tMs^ ) 

The four raarginal conditions, disappearance of .ainpli^ 
tude (y ^ 0) and inclination (y^ - 0) at the point of 
fixation (| = 0) and of the "bending moBent (y*^= 0) 
and shearing force (y''^ 0) at the free end (| = i) , 
are satisfied hy equation (18) for m > 0. All the margin- 
al conditions, are no longer fulfilled, however, for m ^ 0, 
k base which rs here of -Relatively little importance, Ac-* 
cording to Hayleigh's theory, the curves (18) may even 
then be; ad-opte,(l a.s^ lilies.., Ihe re-^ 
suiting frequencies, aad 3^ii^ tqo Targe* , 

for m == 1, equation (18) passas, intp the known 
bending line of the "blade -of uniform "crb ss section fixed 
at one end, under the load .of its. own weight. It should 
!be here notedr. that,- f or: -the hl^de of iinif6rm«^ cross section 
in the absence of centi'-if ugal forces,^^ the' static' hending 
line and the true vibration Jine so nearly coincide, that 
the difference in the frequency of' the* Wo iines is less 
than -g- per cent, The curves m < 1 and m > 1 are de-» 
rived from the line m ==j T " by continuous trahsf orniation 
in the direction of 'ah increase o.r decrea the mean 

curv-ature • • f or the line -m' - c» eq.uati on (■18) become s a 
straight line. 

The Rayleigh minimum requirement will now select the 
strongly bent curves as bending-elastic lines from the 
group qf -.curves •placed at its disposal in the case of 
small revoluti'on speeds and centrifugal force s*# The flat- 
ter, bending, lines; will better satisfy the minimum require*- 
ment as the revolution speed increases until, at infinite-* 
ly great revolution speeds where the elastic forces must 
be disregarded, the straight line (m = «») best satisfies 
the Bayleigh requirement • 

eral solution of the minimum problem . - for t h e 
actual solution of the minimum problem, the group of bend^ 
ing lines (18) must now be introduced in some expression 
for the frequency X. The energy equation is suitable for 
this purpose p If the propeller blade is in the position 
of equilibrium, only kinetic energy is present. In the 
position of the maximum vibration amplitudes, however, the 
kinetic energy disappears and all the energy is stored up 
in the form of potential energy^ This is the sum of the 
absorbed energy- of transformation .and of the work performed 
against the ce:ntrifugal foirces,/:Saleulated. from the. posi- 
tion of equilibrium to the attainment of the maximum vi- 
bration amplitude. According to the energy theorem, both 
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energies (the klnetia energy T . amd .the sum of the •trans- 
formation work' tJ^ and tlie centrifugal work U^) must be 
equal, . . , ? , , , ■ ; 

For. the fund^s^aaent^l . Ti^ratio^^ I = yd) sin X ;t . the 
kinetic energy in tho .pb sition of •equiliWium is.. 

5= y t^L^am^^ ^^ p^-i f (t) -y^ (i') 4 t (19) 

* ^ ■ " o . ; . 

(d \x - mass, of "blade eleraeht; whiGh vihrates with the ve-^ 
locity '^max through the-.zero-. position,) 

.'The transformation wo3*S:." U^.. ■is 

«..=x|f|-|^;/-^a) (30) 

(M = E J y" = hen(ilng. moment 

Lastly the centrif ugal * work ' i s the product of the 
centrifugal force and the "radial displacement ^ of its 
T)oint of application during 'a yihratlpn* (Fig. 5.) It is 
therefore , • • 

Us - / d ]i X (oVg - .03^ / fii) ec (i) .A 1 

The radial . displaceiaent ^ at the distance ., x from the 
blade center, according to a simple geometric . considered* 
tion (see.Stodola "Dampf-^ und Gasturbinen, " •par* 195), is 

i 

The ceixtrifuga.1 force is therefore finaXly 

1 i 

tr^ =. P^ i^. 0)^ i-p / ..f Ci) e .^- / y'^ (t) d e -.d I (21) 

0 - ^ ^ o 

.If vra put T - T ^, and . solve .according to X^, 
the energy eqt'^:^''^^^ ; ..5^^ % then read^. 
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•ft 



E J 



/ i y"^ d I / f I /y '^ d i d t 



0 o ^ , v« 0 0 



^ _ + ,-2- ,-„ (22) 

0 T? -7 * . 

0 0 ' - • 

If we here introduce tlie values f (|,k) a,nd for 
the course of the cross section ^and inertia monlent over 
the "blade length (equation 17) and the indeterminate ex- 
pression y(|,ni) .f:or the vibration elastic line according 
%o equatioii (18) , the • determina^^ then be 

functions of in,.K and Equation (22) then assumes the 

form.' ,. . ' ■ ... ' ' ' , • " " ' " ' ' ■ . ' ' ' 

: (in,K,^);+ 0)^ (36, K) • • (23) 

Pm -^0 ' ' " ' * ' ' 

where the' function and X^ ' ar e ' ident i cal with the two 

quotients of the determinate integrals in equation (22) . 

Hence we have aii equat ion , - which, for given •charac- 
teristics of; the prppeiler- (l, J, E, P^^^ n > ■&) and 
given angular velocity 00, yields the frequencsr k' in 
terms of., the parameter mV The minimum value of .the fre- 
quency, X =. ^in (which is contained in equation 
(23) '.and which, according tp" Eayleigh> i*^' the one most 
closeXy appr.oximati;ng, the true value) is then'- -expressed by 

(X^ F,. .r, .1, Pj^, .K, ^,.0), m) - 0 (24) 

The value m (derived from equation '24) = m (I, F, J, 3, 
Pm» ^) introduced int 0 equ<at.ions (23) and (22), 

yields the desired frequency. 

The prdhlem is thus practically solved. Before pass- 
ing, however, to the actual mathematical determination of 
the minima of equations (2^ and (23), the latter equation 
is transformed as follows, For the case oif. rest (u) = 0) , 
the second term drops out and we have for the' bending f re-^ 
quency on .tia^... stand 

^ ^.Vo = V--~~T min ^^f^ (25) 



By m' is ezpressed the. fact that the miniiaum function 
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is already found, j^^^ is a constant for detarmi-^ 

nate pairs of values K, 5. 

If the value (25) is introduced into equation (23), 
the latter then hecomes 

X- . X> + X, (m.K)a)^ (2o) 



^1 min .h:,^) 



or 



Xi (m,K,^) + X2 (in,K) (27) 

wherebj the new abbreviation X, = :^ — ^ ig introduced* 

-^1 rain 

in the form of equation (27) there are only two important 
Variahles, K/Kq and oa/^o* ^l^^s greatly simplifies tlie 
ca.lculation , for we now have> through equation (27), eqr,al 
K and ^ values, l«e., for all propellers of the same ta- 
per, rega,rdless of other structural dif f erenGes , a sinsle 
ratio between the bending frequency and the angular veloc- 
ity of the propeller. 



e) Be nd ing frequenples of resti n g: and revolvlnig: pr 0- 
po ller 5 In order to solve numerically the minimum pro b-- 
lem, stated^in general form in the last^ paragraph, the 
functions and Xg in equati'on (27) must now be written 

in explicit form. (the sra'ae as X^^) and X^ are, 

according to equation (23), abbreviations for the quotients 
of the determinate integrals In equation (22) . These must 
therefore be evaluated by substituting for f , i and y 
their values from equatio3:5S (17) and (18)., If the inte-^ 
grals in equation (22), freed from their coefficients:, are 
designated by U^, U-g and i', we then have 



o 



.Ja+^...„ (28) 

2 in + 3 + ^ . 



and likewise. 



o 



/s_± r 1 / 1 + __2 2 \ „ 

Vm + 2> L( k + 1) (k + 2) \Zm + 5 K + 3 ja + 3 J 



(2m + 5) (2m +. K + 6) (2m H" K + 7) 

S (29) 

Tm~+ 3) (m + K + 4) (m + K + 5) ' 
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^ ' ' 2' (m + 5) /la + 3 

K + 2) Vk- + 



T»= / f y2 d I = 



(m-+ 2) [(K +1) (K + 2) W .+. 3 /: J 




If we derive from this, by division, T!^ fn^ - 

(iji:, K; ^and .r'U^^/^^-^ ==r^Xg-::.Xm,: E.) ,r ^ a;nd Introduce' tlxe quo-^ 

t ieiits inj^p- eqiiatlbB (g2) , : r^e:; obt ai*3a:_jequat^ (23) , If n 
we now determine; 'tiiB minimtim,: .of • iJj^^/lJ ^=::Xj^ iaiin ; ■ and ■ 1 

troduce this into equation .(23), we obtain equation (27) . 

The course of thV f unctionia and is shown 

graphically in Pigure 6, in which X^^ and X^ are plotted 

a/^ai.n^\t thev par.^ra0.t.er m, . and- ind.ee d,., fo^r^ mpst i^a- . . 
por.tant .ca:se.s of llne.ar crossrs,eetlbnal^ t^ the pro- 

pelle-r^ blades. . (k: .with^^^s the 

.inertia rnoxaent„ betwe.en . ., 0,.' ^ 3','\/J*r*biii' .Figure 6, it .may 

bo .span that . X^ f i th . in tends toward the 

limit 1, correspondtng to equation; (18) , .whieh.' changes 
to a straight line for m = ci . ("See also fig. 4*) " Ihis 
limit.- i^s. the : ninim3:ij]a- of • , X^ .. for all valu-ps of K., as 
may' Terif i by ^ ^c alcu-X^t i Tixe' yjarious functions 

for the corrp"spond.ii^ thpir minima in. the 

vicinity of m K OV 5?hpse. min represented 
ijs.; ^.igxi^re / i,^ . ./".v J.\;^'V' .. : v'^- :. : ' ' ' 

g) ghe frequency of a prop el lor at" re's t , - X ^ ^± ^ ab - 
cords with equation (25) of the numerical factor, depend- 
ent, .on .the. tapering- ^^^f^^ k and. /5->.. in the erpression 
.for t>e. frequency '" X propeiler at rest. /Figure 
?y therefore, already .contains a. numerical ..table for. th^.^ 
nondi&ensional st.a^ .. \^ 

■ y ^ : . E 'jp . . 

of all propeller blades with li^n^^^^ cross-- sectional taper 
and a.ny decrea.se in "the inertia •mom'e'nt between d- = 0 and 
'-5 ^ 3, This class c'omprises practicially a^^ conventional 
propeliei's.' In designing a hew propeil would be 

well to malce use pf Figure ?• ' If, however', it concerns' 
the stand frequency- of a finished propeller,, it.s experi-.. 
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mental det ermlnatioji is always simplest and most reliable, 

Pot verifying the calculation, the stand frequencies 
a.re indicated by crosses in Figttre 7, as obtained from 
Hort's formulas for slightly tapered blades. Ihese val- 
ues all lie above the ones here determined. Since^ how^ 
ever, the latter, on account of their derivation, can cef- 
ta,inly not be too sma.llj they come nearer the true fre- 
quenc i e s t han t he v alue s of Iio r t , 

joT the case of simultaneously linear reduction of 
cross section and inertia moment (k = l'# = 1) i * "^o have 
for compari son -the exact solution of Ono:* 

in perfect agreement with the value here obtained (as ixi- 
dicated .in Pigure 7 by a small square). Likewise, for 
the ease of the blade with uniform cross section' (k = S- 
- 0) , our calculation must be carried to the third deci- 
m al p 1 a c e , in or d e r to show a d i s c r ep an c y in c o mp ar i so n 
with the exact value 12»3596. 

Tor . stronger tapers, where the Hort method yields too 
high frequencies, the more accurate integral-equation 
method of Schwerin is. used for comparison* It yields, 
e«3,, in the case corresponding to K == Ij S- = 3, the 
vs.lue of Kq^ indicated in Figure 7 by a small triangle » 
In Xq our. .calculation differs from this by- only about 
2 per . cent ^ 

O^h e fre quencies of a propeller in mption,-> For the 
calculation of the bending frequencies pi a revolving pro- 
peller, we now have to determine the minima of X/Xq by 
equation (27) for all pertinent tapers K and It was 

not advisable to determine this in the usual manner by 
solving the derivative 9(X/Xo)/9m put equal to zero ac- 
cording to m, on account of the long and troublesome 
expressions for X^^ and for differentiating* (See 

formulas 28, 29v and' 30.) (This was not done even in the 
determination of Xq • ) It is more practical to dispense 
with'ah^r' closed expression for the frequencies and to de- 
termine them directly from equation (27), by observing 
f or Tfhat values *of -the parameter m /with given K and S- 



*A, Ono, Journ, Soc. Liech, Eng., O?okyo, 1925. 
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valties, iiip expression (X/Xb) - . inbreases its minima for 
the different ratios ((jt)/Xo)^ • Since figure 6 places all 
tiae pertinent values of the f uneti ons and Xg (as 

liliewise the function T^, which differs from X^^ only 
"by the constant factor t/^imin)' our disposal, the 
essential part of this work .is already done» The results 
are shown in Figure 8* 

figure 8 .moreover , cpntains a nomogram ^ from which 
the "bending fr.ec[tiQncy at any angular velocity- dan be read 
dir,^ctly f or every .propeller of any strength,, dimensions 
and .tap^r (i I, e« values of X^),. - In . this - conneptiion ; there 
is assumed a knowledge of the frequeiicy on the stand, as 
hased on equation (35) and figure 7, or (still hetter) , on 
e :cp G r i me n t al . d e t er mi ns^ t i b n • . 

The mutual pq*sitl:-Q;n of the curves in figure 8 is in 
the ri^gjit jseiise:» -f Qr«; .coxjist.ant the ratio k:/,^, 

1 .e,, the /l,ess the .pi;;<);ss . section, tapers in proportion to . 
the inertia moment ,^ 4h^^^^^ will be the effect of the 

centrifugal, forces .and vjust, so; much higher will, be the 
.frequencies,- .for the ..various p&s.es; .of . tapering In the re- 
gion of K, the 1^ values represent the, •difference 
the growth of the frequencies, as shown in figure 8, 
thougi^ o;nly^^ The cases -of quadratic 

cro:ss--septional -tapqrlng (k: - 2) with simultaneous re- 
duction, of the-; vine r:t la moment . (O d- ^;3):, which were 
likewise .cjalculated,- yielded, curves so closely coinciding, 
with those-.- already plotted, that- they ha,d to be left out 
of* figure 8, Greater differences occur with stronger ta-* 
pe.rs, for :whidi , however, .o the region up to the line 
^ ~ -Xo- '^^^ available, which is valid for a blade of 

any .eross; ^eQti.O:n with vanishing inertia momient (S: = c©) ^* 

We conclude therefore that two propellers, which may 
otherwise, differ In all their dimensions, material con-^ 
st ants, and ,(w:ijbh,in wide limits) , even in their tapers, but 
which have the frequeney, Xq . on the stand,- also have 
practically :<;oincld©nt. bending f requencies; while, revplv- 

Tiiiz fact justifies the simplification effected by 
replacing the curves of figure 8,, which embrace all prac-* 



* ^ = CO indicates the vanishing of the bending stiffness 
of the blade* Equation (15) of Section IV, 2, a is there- 
fere valid (X =^ (0 ' andv .0). ; with X^. = 0) . 
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tically' important caSSS}' las'" 'a single 'dur'tfe. • This curve is 
closely approX'iiaatecL ••'by 'the »iriterpolatioa foriaula 



-=1:-!-— — ^ (31) 



Tlie ciirve corresponding to .e.quation (31). takes its course 
in tile region 0 ^ ^/^q g 3 in the middle of the group of 
curve 0 plot tfd. .in. figxire 8. Hence equation (31) repre- 
sents, .in abii.reyiatedi f o^rin. the net result of this theorem, 

7 ) jreq uencies of a reyolvln^ prop ell er wit h resT )ect 
to the ef fect of t he hub^- Up to this point , we have en- 
tirely disregarded, the. fact that the conventional propel- 
ler blade is attached to an .assumedlj^ rigid htih, which is 
not aff-ected by the. bending vibrations of the blade* ^ As 
a result of this arr;an-gement , . the blade does not turn 
abo^^t an axis pa:S.sing through it.s root, but .about an a^cis 
outside the actual- blade^ . OJliis- r-esiilts in augmenting the- 
centTifugal f orces, acting on- a blade elemen.t and Increases 
the bending- f^Bqxi^encies. ; ^ - : . • 

. There would have been no serious diffi.-culty in :ma.king 
a/llowance for this propeller effect in our f.ormulas and 
calorulatioixs. . Still our f orraulaa would have been re^ndered 
more complex by the addition of another parameter, the 
ratio of the hub- radius to the blade length. Hence it was 
at first dl sre^arded, . in order' .to avoid pur.ely . m©.themati- 
cal difficulties. In consideration of the small hub re^di- 
«tis of a propeller as compared with the blade length, the 
previous results and formuias will be corrected In the 
following, appr.o:?:imate manner. • 

On the basis of tjie formulas for the quasi-bending 
vibrations of a blade inherently rigid but elastically 
mot;nted (Sq.ction IV, 2, a) , the frequencies, of a blade 
mounted on a hub of length £ are increased as compared 
with the frequencies of a blade rotating about its inner 
edge^ in the ratio 



- ■ .. .."■/ 



(32) 



(See eqiiations 13 and 14.) If it i s now assximed that the 
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corr espondirig freqxiencies of a blade, wliicla i s. elastic^^^^ 
tlirouglxout its whole lengtli, increase in tlie same ratio, 
then .onljr the au^me3a1bation qf the . centrif ugal f orcf 0 due 
to the putward di splacemerit .of the hiade is taken into : 
consideration/^ ;Ho accoixnt is taken - of .^tlxe change in thev 
Tibr^tion-elastiG line due .to -tihe; same circumstance*. 
Though the forms of vibration previously employed as the 
basi s of tlae calculations were, the best of the available 
f orm^ thi B i s no longer the . case under the ; changed eondi- 
tiohs* According to . the Eayleigh principle-, yt 
cies calculQ^ted in the pr eviousljr . desqribed^ f ar the 

hub ef f ect can again ..be . oqIjt too . large • . ' • : . • > 



Ey increasing the . bending frequen.cies represented by 
equation (31 ) in rat i o Z^y /finally obtain • f or . the bend- 
ing frequencies of "a propeller with respect to the effect 
of the- hub: . .. 



2l 

Xn 



1 + 



6 + 7. 



1 , + 



(33) 



Thoreby the value s/Q-^ 2 1 is already introduced into ' 
eq\iation (:33) .^or all propellers linearly tapered in their 
cross section, (Cf . equation' ISav) ' . 

As soon as the frequency Xq of* .%he. honrevolving • 
blade is determined in any way, equation (33) generally 
yields the bending f reque,n.cAes in terms of the revolution 
speed for any propeller with any ratio of hub radius to 
blade, length. The formula i s- simple and very accurate, as 
wo shall see. Equation :(33) is. plotted in f igure 9 for 
different values of the ratio of the hub radius to the 
blade length 0 S e/l <.. 0,5. For ordinary propellers 
c/l 0.1 to 0.2/ There is a noticeable increaso in the 
bending frequencies due to the consideration of the hub^ 

With equation (33) the mathematical determination of 
.the. bending frequencies of revolving propeller blades may 
be regarded as settled^ as soon aB the magnitude of the 
deviations from the true frequencies can be satisfactorily 
determined, by accurate estimation of the errors,. At pres- 
ent we know only thit* t)urvf 6rmul as- yield too' great fre- 
quencies. Hence there still remains what is perhaps the 
most important part of the investigation, namely, the de- 
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tGrrainatlon' of 'a" limit wMch intLS-t^ fiqt- "be- *^xo@'0d;e^^ l?y fcliq 
trUiO'' freg.ua-3aed.es,:: ' - : , - . :. " • ■ • ' 
/ ... ■ J v.. ^': :■ " ' ' 

-li^ii^re r s al X^i^^ 1 italt' f .the f r equenL- 

cies of an eXastiG gygt eig , ^ for • ' verdf ying th.^ cal eul i'^'^^ 
maTe oa'- .tlie :ba'i3l s*: of the. :B£iylfeig3i.-prliciple'> ■ t f olloWrig 
simpla . tliegren . was ^. first- d • ' ^ " 

fe 'Will corisider-.a system- capa'ble .of ■vit>rat4hgp wlii 
is sulDjected to several dlreotional f oi^ces ' aGting either 
similt aixeo\isly or " separately; vTlLe potential" o&ergy" of the 
system then equal s> the ' sum of '. th<3 potential energies of 
the n individual for cos. If the potential energies 
freodfroia their :cGnst ant' coefficients are" de'signated by 
^1 (1 = lv"2, .•.•.v'n) . and -the kinetid "energy . of the system 
By T =^ , the ..energy equation then reads 

T» (y) - a, Ui (y) H- (y). + a^ (y) , 

a.nd Ui ; hoing functions of the vibration f prn y. From 
the energy equation follows the frequency 

= X^(y) + c^ X^Cy) + + c^, X.^(y) (34) 

in which Ui ' is shortened to Xi;- If y is at first 
considered as unknown, it can be 6.etermined for the case 
of the ftLndamental vibration acGOrding to Haj^leigh's the- 
ory by the requirement that the frequency must become a 
minimum^ The true frequency is therefore represented by 
the yariatioix formula- 

[^i X^Cy) + Cs X^(y) + , + Xn(y)] min (35) 

Corresponding to the assumption that all the, forces affect 
the considered system independently of one another, all 
the Xj in equation (34) can .sometimes be made equal to 
zero, When only one of the «n forces., is regarded as act^ 
Ive, this yields 

^x*^ ^1 min» Cs X^ min; •••••f ^n ^n min» 

for the lowest frequencies of the system. If these values 
are introdueed into equation (3.5) , it becomes 



X" 



■^x min '^s mxii -^n min • . 



= min 
(36) 
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The „miniiiium ;pf- 0um ••of''txm6ij± ^Ifo :ntaini{l,)i0v r li^w- 

maiids , : /^^^S^^^^ it ;i,s- obvi'ious ' 'tfaat''' the Miiima of tlie • sum- 
' loajin^s. iia , ectuation (^6) Jiave ' a total' vlalue pf .1 , we haye' - 
the' relatijan . , ; . * ' " ; . 

The eqtvality sign is valid oiily when all the summands in 
equation (36) assume their minima for the same'valuei of 
the variahle y« This happens only when the vibration 
form of the forces acting on the system is not affected, 
i*e«,, in the case of . a vihrating' system composed of rigid 
masses and springs,, If thi's unimportant case is excluded, 
we havej for all actually elastic systems, the inequality 

X- > Xi^ _ (37) 

or, expressed in words, if several independent forces act- 
simultaneously on any elastic system, the S'q^uare .of the 
f requency of , the fundamental, vlh^ration is 'always greater 
than t^he sum of the lowest fraquencie'^' which the* system 
would have , if only one of \the • 'f o-rcVs- WQ[rb 'Wcting on the 
system** 

A lotyer limit for the /bonding f rGay.oncies, of^ revpl 

ing propelle'r b lades^ An al y s i s . o f t he r e su 1 . s • If the in 
equality (37)/is applied to the special case of the pro- 
peller vibrations, it then reads: ' • " 

where Aq ag^in denotes .the .frequency of the propeller 
blade with disregard, of: the centr if ugal force', i.e,, the 
freqiie'iicy of the blade ^at res.t, . and- Xo^' "the frequency 



^Inequality (37), in the special form.fbr the present prob 
lem of propeller vibrations, was originally derived from 
equation (25) or (37) . (see also Z.' fv techn, Phys* 1929, 
pp. 36i"369), to which formula. (37) is closely related.; 
Siibsequ.ently it was diS'Covered that the g 

bility of the lowei^ Mimi t (37) • had been previdusly demon*- 
strated by Southwell (Lamb ' and S0uthwell, Proc. Hoy#. . Spc * , 
Tol. 99, Lonioni 1921)'. ; Oti account of the i^t ility -Qf the . 
apparently 11 t^tle--know^ of Southwell even in otAor 

cases, it i s here - given in general 'form, whereby, in tho 
formal demonstration, we have again combined it with our 
equations (26) and (27), 
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with disregard of the elastic foircas of tjie blade* In the 
lattex case, the propeller blade behave's iike a perfectly 
flexible heavy rope. Sguatlon^ (15) 'tod- ' (IS) (Sect ion.. IT» 
2, a) are then valid, so that we obtain the following low^ 
er limits,* which can be neither es:ceeded hor gone below, 
by the bending frequencies; 

For C == 0, 



for ^ =5: 0, 

.X^ > Ko^ + 0)^ (l +^ 1^ (39) 

with s/6 - 2/1 for propellers of conventional torm with 
linear crp ss-sectional taper « 

The lower limit (38) is shown in figure 8, where it 
is the .common - lower limit f ar all the curves in the fig- 
ure> I*or- proving the relations with regard for the pro- 
peller effect (equation 33), both the cases 
and € l = 0«5 are again represented in Figure 10 with the 
corresponding lower limits (39) , 

The greatest possible errors can now be read from 
PigureS'B and 10. For both large and small centrifugal 
forces;, the percentile error tends toward zero. In the 
intermediate region it cannot be greater than 5 per cent 
according to Figure 8. In the case c/l * 0, the laaxi-* 
mum error (as was to be expected) is about 2 per cent great- 
er, Ab a matter of fact, it is considerably smaller, for 
the frequencies computed on the basis of the bending linos 
(18) by Eayleigh^s method closely approximate the actual, 
while, the lower limit only receives a more formal imper- 
tance. For rough calculations, on the contrary, the sim-^ 
pie equations (38) and (39) can be used with good results 
for the lower limits. 

In this connection, it is of special Importance that 
the lower limits (38) and (39) are entirely independent 
of any preliminary assumptions regarding the shape of. the 
propeller blade. Inequality . (37) is valid for any elastic 
system" on the' basis of its deriva'tlon. Likewise, the spe- 
ciar lower, .limits (38) and (39) are valid for every re- 
volving elastic system, which behaves like a revolving 
rope, when the centrifugal forces are regarded as acting 
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alone* : fhe lower limits. (38). and (39) '/can tlaerefore "bf 
used just as well for estimating tlie frequencies of bent ■ 
and warped rpropeller .^^Lade-s,- trher el3y only, tjae -correct val- 
ue (as determined axperi men tally)' -is to loe used for • 
On .tliis basis' and. the fact tnat.^ -(33) ,. due to ubq^ 

lect of: tlia: tor'sloti, ;contains^ an. ^exag^eratian of tlae bond- 
ing fretquency, no ref ineraant:- of t he ttteory by taking' ac-' 
cou,nt of the exact form of a propeller is. necessary f rom: ■ 
the practical standpoint.* 

It is possible to go a step furtaerii" By the chosen 
marginal conditions (Section IV, 2,c), tto assumed that th 
propellor blade was firmly, secured at It^s roc t* This con- 
dition is not always perfectly fulfilled. If it is not 
fulfilled. (Sy/fit- + 0 for | =^'0), .the frequencies of 
the prop el r'ex*' blade dlmini'sh, due t.o the removal of a com- 
pulsdry condition^ They .cannot go lower, however, than 
indic<ated- by the lower limits (3&) and. (39) , which mani- . 
festly retain their . validity « Hence,, even in the case of 
the propeller blade which is not rigidly mounted, formula 
(33) can be successfully used, again with the asstiaption 
that the correct ezperimeiitally : determined, st^^^^ frequen- 
cy i soused for X^* ' •* ^ 

According to •the result's .of the e.stimation of the 
maximum errors possible in equations (32) and (33) (as al 
on the basis of the. comparisons made for" the calculated- 
frequencies of the no nr evolving propeller), it may be as- 
sumed that the pracjtically requisite accuracy Is satis- 
factorily obtained by the calculation. 

Io.ta*- ^ii^ initially cited report In ^^Z^ f. techn 
Phys, 1929," reference was made to various ol.der formulas- 
for the bending frequencies of revolving blades. Here it 
will only be mentioned that there is also given in Sutte 
Tol. I, ed. 25, page 407, a formula for "blades on the 
edge of a revolving disk/" which, oppressed in the hero- 
used symbols, reads 



*The lower limits (38) and (39) are likewise valid (e^a.) 
for propellers of the Haw type, which consist of tonsilo 
rods having a metal envelope of the shape of a propeller 
blade. ^. 
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Gotoparison. with, equation. (39) , wherq the QQVTQBpt>nd.%ng y^-- 
U0 s/B = 1.5/1 (constant cross section) is to insert^ 
ed showB, howeVei', that flutters formula yields values be- 
low tlie possilDle lower iimit, ' For small . € /l.. . ratios, X 
miij even "be smaller . tlian Uj\ according to thi s f ormula, 
so that, i^ fixe, given case, it is possilole to calculate 
"from it resonances witli the revolution speed whieh^.cer-- * 
tainlj c^.nnpt exist. 



7. PHAGTIC^L RESULTS 

1.. G-eneral Conclusions 

The whole of Section IT majr be sumnarized, from the 
standpoint of .i t s practi cal applicatLon by equation (33) 
"for the calculation of the bending frequencies, of revolv- 
ing propelier blades, in case of need wi;th the addition 
of equation" (2'S) 8.nd Jigure 7 for the frequency of the 
propellor at rest, ■ 

It may be. concluded from equation (33) .and likewise 
from ITigiire 9, that the bending frequencies are al'^ays 
greater than the revolution speeds* Any" decided resonance 
botwoon the natural., f roqueneies- of ,the. blade an;d the di s- 
turbancos, which follotr with the frequency, of the simple 
revolution, speed, * i s therefore exclude'd,^ 

The exact resonaneo point is not the only thing of im- 
portancG, however. It is possible to ca-lculate, with com-- 
ploto damping of the" Impulses, only when the frequency of 
the impulses, is considerably greater than the natural fro- 
quoncy. The less favorable case (impulse frequency small- 
er, than the natural frequency) occurs in the bending vi- 
brations of propellers^ Hence the chief thing to Iznovr is 
how closely the natura.l frequencies can approach the revo-^ 
lution speeds for possible dimenisions of the propeller • 
blades. 

As an Illustrative example, the bonding frequoncios 
aro plotted against the revolution sppod in jigure 11 for 
a thin metal blade on the basis of Figure 7. and equation 
(33), and Indocd in the customary units ' 

p = L 60 min'^^ and .n = ^ 60.' min*"^ . 
Sir Brr 

The dinensions and other blade constants are given in the 
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fpllowiUjg table. Tiie eurves 'I to IT tlieref or e eorrespond 
to four propeller blades of equal length and root cross 
section, but qf different tapers* GurTe I represents tiae 
blade of uniform cross section, while curves, ir to it rep- 
resent blades of rectilinear cross section, but dlmi^nisl^^^ 
ing i% Inertia moioient , somet-imes recHltneaa^ly * qtisftir^^ 
ally and cubically* 



TABLE : . PIMSiTSIOIS Of HEf Ali BLADES 



Curve 


15 


(kg cm-* s2) 


I 

(cm) 


Jo 
(cm*) 


^•0 


K 




I 












0 


0 


II 


7 , 8 X 10® 


3 X 10"® 


150 


13 


40 


1 


• 1' 


III 












1 


2 


IV 












1 


z ■ 



I:a 'order to determine tlie danger limits for a ^^iven 
propeller blade, one m\ist first know the vibration strength 
of the 'blade, expressed by the greatest permissible ampli- 
tude, and, secondly, the magnitude of the disturbing force, 
both of which can be determined.* It Is then possible to 
concltide, on the basis of the known resonance curves, that-, 
for a certain ratio of the disturbance frequehcy to the 
natural frequency, the amplitudes exceed the value indicat-- 
ed by the vibration strength. If it is assuxaed that this 
limit would be reac.hed'for n/v =^ OnS then, in figure 11, 
the intersection points of the line x> = 1.25 n with the 
different frequency curves indicate the revolution speeds 
at which :the given propeller Tplade bagihs to produce dan- 
gorous vibrations, . .The prismatic blade would already be 
endangered at n ^ 700 r,p.n., but the tapered blades only 
above 1500 r .poin» 



^The di s t^^rbance exper i enced by a propeller near a wing 
(va^riation in th^ air velocity and in the angle of attack 
of the propoller blade) can be approximately calculated oh 
the basis of simple formulas of the wing theory, for the 
velocity field behind a wing we already have data obtaixied 
for another purpose on an airplane in flight. See, for ex-^ 
ample, li, Schrenk, "Ueber Prof irwiderstandmessung im Pliige* 
nach dern Impul sverf ahr en, " Luf tf ahrtf prschung, ilay 13, 
1928, pp. 1-32* ffor t^r an si at ion, see T.H. iTosi-5'57 and 
558: 'MIeasur ement of Profile Drag on an Airplane in Flight 
by the liomentum Method, w Parts I and II, l^. A.C.A. , 1930, 



In- fi gVLV e 11, mof ab ver ,J the - i n t er sec t.i on' voint s of 
Gtirres I to IT witii the lines v ^ 2n shoxL-ia. /be. espe- 
cially noted* It is oTdvIous that all the TDlades may fall' 
'into 'pTOnouiic^d tesonan^ce yiTDratloiis , e.ven -at relatively. 
low revolution .speeds, as sooa as there is a -po ssitility 
of* disturliances -with "a f.requexicy of twice , the. revolution; ^- 
speed, This case is of special practical .importance, as -is 
obvious from the general representation of the disturbaiice 
due to any liind of di sturha.nce field, 

CO . ... . ' /. ' : '■ y ■ ' " 

^I^^Ai. sin i 0) t ^ 3i cos i iO t| (40) 

Hesonance th-eni always occur s, when 

X = i 00 (i =^ 1«2 •••.,co ) ■ (.41) 

i.e«, tT-ien the nattiral frequency of the propeller eq\iauls 
a.n integral multiple of the angular velocity or of the 
revolution speedp The cases X- = iO) • for i ^ 3 for all 
practical propellers (figo 11,, and especially curve I, of 
fig. 13) lie at revolution, speeds so far helow the norpial 
that they , can, for this reason, represent no danger. It 
follows that the amplitudes % and 3^ of 'the disturb- 
ance are f\iiictions of .the flow velo ci ty " toward , the pro- 
peller., which diminish approximately as the square of the 
dxalni shing velogity. Hence, for this res-son also, the 
resonance cases at low . revolution speeds (X - i O) for 
large i) are of .no importa^nce. Iloreover, since the case 
X " Ci) is e^ccluded (as we have seen) , there remains, only 
the pronounced resonance case X -.2a),. which can seriotis- 
ly endanger t.he propel ler« This " is the case which occurs 
at the maximum revolution speed aiid consequently exhibits 
the maximum vibration amplitudes, and which, at the same 
time, most closely approaches the , cruising speed of nor-* 
.ma.1 propellers* 

ijigure 9 may be taken as the second general example. 
This indicates numerically the importanc.e of a- firm hub, 
not only for -increasing the stand frequenoj^f l^ut also for 
increasing the frequencies of the revolving propeller. 
The well-kncwn ReGd propeller is -an unfavorable example 
in this respect a 

S'or- illustration, see 'also figure 12» If one takes 
blade I and insert s it , unchaiiged ..in a hwh (case IV)., the 
stand frequency .and the fli-ghfe frequency are both in-, 
creased* If . care is taken- t'o restore the stand frequency 
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'to tKat of the origin;al - Waid0'; jierb malSirig it t]atB;neT 

(cB.Be iXr) , the fTequonotes -a^ the rovolTiiigA^fyiaie ■ IX^^ 
still exceed the corresponding valties of the original 
"blade 1 • These cases- oa;pt- Ise-'sU^^^ " a^f ew.'p'rac-* 

t'ical ' examples* ■ ■■-•.•/v • r.>:. ^. .: \r ;. ..j.- ., . ■. 

_ ' ' Bii Braottca:!^ . / -/r- -:? 

Som'fe time ago* the Read -proii'ell er s ''w 
0 it iht e e-* e n gi ne G-er man c omriief cx al 41 f pi ane s • • : Pr op el 1 er s i 
' • of . this • type have, in numei^dus instan 

whilfe . running, ' ^ ' • • . :• •■; r-^- 

' For such a Heed propeller of- 3 m -(9 .84 ft^) ' diameter , 

the cross section and inertia moment of ,which::at *ey0ry '^^^ 
point of the hlade was known, the stand frequency accords 
ing; to /Figure 7 and the; "binding.--' f r^quancies . according to 
e:d:aat*ion. (33) were ■ calculated" tXi' terms of the-, r eyol.utioH: 
speed and plotted in Jigtir-e* 13, ■ '-r-^ \ 

; FroH tne' course- of the' fTBtu^enMsy.- c^^^ obyiotts 
that',' in the region of" normal \reV.bltxti'On\ speed's f.t^^^^ na.t-- 
urai freq.ue'nci-0s of the propeller"' U:o ' &o the vicin- 

" ity of 'the- reyolut*ion speed*' Sk^y: 'do however , assume 
value-s equal "^to twice •tae r evoluti-on. spBod^ / t-hi s decided; 
' resonance oceurring jus-t in the -^region of';, the.. cruisip.g : • 
rOTolution speeds of 1000 to 1200 r#p»m« 

i3P we bonstder- the field- of -flow of. a- :th2:ee^ engine • 
airplane* ;(^i go' -14) , it ds oWiouff - that* -the pro.pellors nrast 

' pass through -two" "disturhance regions/ during;. 'e.ach revolution. 
For the sid^" propellers,* both diatvirhaxLcea' .0'.c:cur in pass^ 
ing the wing at 'a distance of -ehw^^ l/3. of. the wing chord. 
On the inside they simult anebusly cut the slip's trea,m , of v 
the mi idle propeller, which is 'spread rearward >y ;the f"^^- 
seiage* The "middle propeller revolves at ah out . twice the 

'■"distance of the side"* propeller s from the wing. It iS;,pnly 
■ slight ly affected hy the wisag and "by the side pTopel.ler-& 
baclr of it. As a matter of fact, centrally located pro-^ 
pellers are less d.lsturbed, though not altogether free 
from disturbance. 

On the whole, there is found: in this example- a. con- 
firmation of the here-developed' th'eory of the resonance 
vibrations of propellers. Moreover, Figure 13 shows that, 
' in. a case lil-o' the. one n-entidned", i t would be- hotter, un- 
der some Condi tions'i to nis'e'- a m'orev. flexible propollor; hav- 
ing such natural frequencies that, under the ordina.ry op- 
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orating coixditlons, the . Tlt^rafeians ex^^ txio natural tro^ 
quencies., .Tiie yi"b[rations kill . theix bo well dampod, 

• In addition to • th.e aboYe--ment loned explanatory test 
for the occurrence of resonance yibrations in t%e practl^ 
cal case described, there is also the f olldwing circum- 
stance. On various availa,ble propellers it was observed 
that, when one blade was set in vibration in any way, the 
other undisturbad blade also began to vibrate* Apparent-^* 
ly there is tiq hub rigid .enough -to prevent the transmis- 
sion of vibrations from one blade .to ..the other* This fact, 
which also explains the occurrence of resonance vibrations 
when the natural frequency of the propeller blades is twice 
the revolution speed, was apparently operative in the above 
practical example. 

Likewise, in the well--known case of the Koolhoven 
airplane, on which the propeller during every revolution 
had to pass once through a cutaway in the upper half of 
the fuselage, the alternate disturbance pf the separate 
blades produced a resonance case with a frequency of twice 
the revolution speed. It cannot be assiimed, however, that 
the different propellers used on this airplane were so 
flexible tjiat their natural frequencies were in the vicin- 
ity of the; revolution speed. There is no other explana- 
tion, however, for the propeller Injuries on this a^irplane* 

• * ' . ■■ • 

As the last example, we will consider the case of a 

propeller model consisting of two very. thin flat boards 

(I = 91 cm, - P constant = 10 X 1 cm^ , c/l ^ .0.235). 

Its previously calculated bending frequencies are lilcewise 

•plotted as curve 11 in Figtire 13, In tho stand test, no-^ 

ticeable bending vibrati.ons were produced at about 430 

r,p»H,, -which can also be. explained by the doubling of 

the vibrations per revolution throug;h transmission from 

one blade to the other, if the velocity field in front of 

the test staiid is not already so constituted that the cor^ 

responding disturbance function in formula (40) also aon- 

t^lns the second harmonic term (i = 2), 

In any case the observod vibration phenomena in all 
the examplos considered are traceable to a bending-resO"- 
nance case X =-2a), in wliieh the bonding frpquoncy of the 
propoller blade equals twice the rovplution speed, 

liote.,- Attention is here called to the following 
point, which might .lead, to errors^ If the investigation 
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of a propeller break resulting froiii fatigue does not indi- 
Gate simple "bending stress, it ca,nnot i)e concluded from 
tMs fact alone that there could have been no "bending 
■resonance" in the ,above--mentioned sense, but that , on the 
contrary^ an essentially different kind of vibrations, 
namely "torsional vibrations" must have been producod by 
so^ie unknown cause# 

As already explained (Section II, 2, a), an aircraft 
propeller, owing to its bent and warped shape, can devel-- 
op neither simple bending vibrations nor simple torsional 
vibrations (bending and torsion not being the norraal coor-^ 
dinates of an air craf.t-propeller blade) « What are here 
called, acqording to custom, "bending" and "torsional" 
f re.queneies, might be. more correctly designated respect- 
ively as the smaller and the greater of the two natural 
frequencies. of a propeller blade# The justification for 
the division into the two kinds, bending 8.nd torsional, 
was derived from the fundamental Assumption that, under 
ideal conditions, the calculable simple torsional frequen-^ 
cieB diffe.r but lit tie . from ' the greater, and the siraple 
bending f r.equf 3ieies differ but little from the smaller of 
the natur-al. fundamental freqixencies of the propeller* In 
a.ctual natural vibrations the propeller blade sometimes 
develops bending and torsional vibrations with the same 
small fre.quencies and at other times with the same large 
freqiienclos* In the former case the bending amplitudes 
are large, while in the latter case the torsional ^pli- 
t ud e s are 1 ar g e . 

In a.ny case, noticeable torsional stresses can occur 
at the usual breaking .point, of a propeller blade near the 
hub, even when the outor portion of the blade is stibject-^ 
.ed chiefly- to bending stresses. If the more probable 
cause, according to the here-developed calculation, namely, 
the bending resonance, is elirainated, then the fatigue 
stresses in the form of torsion also disappear. • 

71 . smumx 

On the basis of the consideration of various possible 

kinds of prcpeller vibrations, the resonance vibrations 
caused by unequal impacts of the propollor blades appear 
to be the most- important* Their theoretical investigation 
is" made by" sot) ar ate analysis of- torsional and bending vi- 
brations, This method is justified by tlie very' great...dif- 
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f erence in the two natural frequencies of aircraft propel- 
ler "blades, A mathematical estimation of tlie torsional 
f requenci e s shows : . 

.1« That they are not noticeably affected hy the in-^ 
fluence of the aerodynamic - forces acting on 
t he p r op e 1 1 e r ; 

2^ That their order of xaagnitude is so far above 
the reYolution speed of the propeller, that 
any danger from resonance in the form of tor- 
sional vihrations seems to be excluded,* 

S'or the bending vibrations, of a propeller blade, it 
appears j on the contrary, that the frequencies^ under the 
action of the centrifugal force, are of the order of mag-- 
nitude of the royolutlon speed,. . The bending frequencios 
aro caletilatod in terms of the revolution speed of the. 
propeller, on the- basis of the Eayleigh principle, from . 
the mdninum natural f r equency . of ■ an elastic system* Ac- 
cording- to Hayloigh* s theory, th.e values thus obtained 
'ropr psprit; an upper limit for the -bending frequencies. On 
■tlio >-asis. of a generally valid .thoorem (Section I?, 2,f) 
coiicerning the frequencies of . an. ela!stic- systoia simulta- 
neously, exposed to sovoral forces (in the. present case to 
ola-stic,and .centrifugal forces), a lower limit for the 
bonding • frequencies can also be established* The upper 
and, lower limits approach.^ each other so closely in the 
calculation, that the calculated bonding frequencies ade- 
quately fulfill the acctLracy requirements, The calcula-- 
tion yields the following, practical rosults: 

1, The aerodynamic forces aro of much less impor- 
tance for the bending vibrations of aircraft 
propeller s than for the torsional vibrations. 

2# Two aircraft, propellers, whidi may differ in a,ll 
their dimensions, material constants and (with- 
in wide liiiiits) also In their tamper, which, 
however j must have the same ratio of the hub 
rc^dius to the blade length c/l and the same 
natural stand frequency Xq , have practically 



*ITo decision can be made on the basis of this analysis, 
regarding torsional vibrations due to other out side di s- 
tui'bances than those connected with an irregular field of 
fiow^ 
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the same "bending f requeiicies , eren when re^ 
volTing-. 

' Heiice it i*s possible, for all propellers of wiaat^ 
eyer dimensians, with any ratio of hut radius 
to blade length, to adopt a .single f ormixla for 
calculating the bending f r^equenGie s in terms 
of the revolution . speed . o) , (See also figs, 
8 and 9.) 




The stand fregupncy is. "best oT^tained expe-^ 

ri mentally. However, -can ^^1 s o be read 

from Figure 7 for the practlcaliy important 
cases of linear- 'cross- sectiona-1 taparing of the 
propeller hlade with yarious reductions in the 
cross^sectional inertia moment. 

The lower limit of the bending 'frequencies is rep- 
' • resented by the formula 

where S is the statical moment and 0 the in-* 
ertia moment of the propeller blado with refer- 
ence to the axis of fixation* For the case of 
linear cro.s-s-secti onal taper, as approximated 
hy nearly all aircraft propellers, the limit of 
the "bending frequencies may he. more simply ex-^ 
pressed by the formula 

> + 0)^ f 1 + 3 i\ 

F©r £ = 0 (vani shingly small hub) the. lower 
limit becomes simply 
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5, The indicated' lower llmd'ts hold godd for every 
propeller "blade of any sliape. H^nce they 3.re 
also valid for the "bending frequencies of hent 
and warped propeller iDlades.' Moreover, they 
are independent of the manner" of ^ on 
the huh. Hence they are also valliL for hlades 
whose mouidVing cannot he termed perfectly rig^ 
■ id (6y/6f * 0 for | 0),^ ' ^ 

Bm The presence of a large huh in the ratio to the 
. hlade length favorably affects the increase 
in the tending frequencies of the revolving *:j 
hlade, 

7 ft The bending frequencies are always higher than 
the revolution speed of the propeller. Pro-- 
n^ounced resonance vibrations due to external 
dls turban cfes of the fre<|uency of the simple 
r.evcluti'On ^peed are therefore dxcluded, 

8* On the other "hand, pronounced resonance cases 
are possible vrhen the bending frequency of a 
propeller is a low multiple of the revolution 
speed* This case is of practical importance, 
since many propellers are so mounted. with ref-^ 
erence to other airplane parts (e*g», the 
wings) , that more disturbances than one (gen- 
erally two) /are produced during each revolu-^ 
tlon« Eesonances of twice the revolution speed 
can. also be prcduced by transmission of the vi- 
brations from one blade to the other. 

The calculated data are illustrated by practical ex-^ 
ampler*. Thereby the cbserved vibration phenrmenon in the 
given examples Is explained by a bending resonance, for - 
which the bending frequency of the propeller is equal to 
twice the revolution speedy 

Translation by jwight 11 , Miner, 
ITational Advisory Committee 
for Aeronautics. 
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Jig, 1 Exarnple of torsipual frequencies plotted fig. 2 Diagram 
against the angalar velocity, for il- 

lustrating equa^ 
tions 7 to 10. 




Pig. 3 Velocity components Jig. 4 ViTDration-^ elastic lines ac- 
of vilDrating propels cording to equation 18, 

ler blade. 
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Figs. 5,6,7 
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Fig.. 7 Bending frequencies of nonrsYolving propeller 

i)lades witii linear cross- sectional taper (k = 1) 
and various reductions of the inertia moment. 
(Variable ^) . 
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Figs. 8,9 
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'ig. 12 Coiriparison of similar propellers witli reference 

to tlieir bend-lng frequencies on stand and In flight. 




500 1000 
n, niin,"*'- 



1500 



Fig, 13 Curve I. Bending fre*^ 

quencies of a Reed 
propeller. This propeller comes 
into resonance at the revolution 
speeds of craising flight, when 
vihrations with a frequency of 
twice the revolution speed are 
imparted to it, 

Curve II. Bending 
frequencies of a propeller 
model made from 2 flat boards. 
Comparison hetweon calculation 
and experiment. 



a, 



Beginning of vilsrations 
in experiment. 
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Jig. 14 Arrangemeat of propellers on a tar ee- engine airplane 



